Abstract-In this paper, we propose two non-uniform quantization (NUQ) codebook-based hybrid precoding schemes for two main hybrid precoding implementations, i.e., the full-connected structure and the sub-connected structure, to reduce the feedback overhead in millimeter wave single user multiple-input multipleoutput systems. Specifically, we firstly group the angles of the arrive/departures (AOAs/AODs) of the scattering paths into several spatial lobes by exploiting the sparseness property of the millimeter wave in the angular domain, which divides the total angular domain into effective spatial lobes' coverage angles and ineffective coverage angles. Then, we map the quantization bits non-uniformly to different coverage angles and construct NUQ codebooks, where high numbers of quantization bits are employed for the effective coverage angles to quantize AoAs/AoDs and zero quantization bit is employed for ineffective coverage angles. Finally, two low-complexity hybrid analog/digital precoding schemes are proposed, which utilize the NUQ codebooks. Simulation results demonstrate that the proposed two NUQ codebook-based hybrid precoding schemes achieve near-optimal spectral efficiencies and show the superiority in reducing the feedback overhead compared with the uniform quantization codebook-based works.
I. INTRODUCTION
T HE millimeter wave communication could achieve high data rates and has caused widespread concern owing to the large bandwidth [1] - [3] . However, millimeter wave signals suffer severe path-loss due to the use of very high carrier frequency on the order of 30-300 GHz. Fortunately, the small wavelength of millimeter wave signals enables the deployment of large antenna arrays in small physical dimensions and make massive multiple-input multiple-output (MIMO) practical in The authors are with the Wuhan National Laboratory for Optoelectronics, School of Electronic Information and Communications, Huazhong University of Science and Technology, Wuhan 430074, China (e-mail: chen_yun@hust.edu.scn; chenda@hust.edu.cn; tao.jiang@ieee.org).
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wireless communications [4] - [6] . The large antenna arrays could provide sufficient antenna gains to compensate for the high path loss of millimeter wave signals. Therefore, millimeter wave MIMO has been a promising candidate for future cellular networks [7] , [8] .
The precoding is an important technology in MIMO systems since it could be utilized to transmit multiple data streams and cancel the interferences between different data streams. In millimeter wave MIMO systems, the precoding is essential and could further improve the spectral efficiency. However, the precoding in traditional MIMO systems is typically realized in the digital domain and requires expensive radio frequency (RF) chains comparable in number to the antennas, which will greatly increase the hardware cost of the millimeter wave MIMO system equipped with large antenna arrays [9] , [10] . To address the above issue, the hybrid analog/digital precoding was proposed, where the number of the RF chains is much less than the number of antennas [11] - [13] . In the hybrid precoding, the signals are firstly precoded by a lowdimensional digital precoder to cancel the interference and allocate power, then, precoded by a high-dimensional analog precoder to produce high antenna gains.
Hybrid precoding has two main implementation structures, i.e., full-connected structure and sub-connected structure. The full-connected structure utilizes a large number of phase shifters, where each RF chain is connected to all antennas to obtain full precoding gains [12] . The sub-connected structure sacrifices some precoding gains, where each RF chain is only connected to a subset of antennas or a subarray to reduce the required number of phase shifters [14] . In the fullconnected structure, the orthogonal matching pursuit (OMP) based hybrid precoding algorithm was the first scheme proposed for millimeter wave MIMO systems to obtain the nearoptimal spectral efficiency [12] . Inspired by [12] , there are many papers devoted to designing hybrid precoding algorithms mainly based on the alternative minimization, matrix decomposition and iterative searching [15] - [19] . In the subconnected structure, the successive interference cancelation (SIC) based hybrid precoding scheme was the first scheme proposed to obtain the near-optimal spectral efficiency [14] . In [20] , a near-optimal closed-form solution was proposed for the sub-connected structure. Though the above methods could achieve good spectral efficiency, they assume perfect channel state information (CSI) is known at both the 0090-6778 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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transmitter and receiver and the feedback overhead issue was not considered. For actual millimeter wave MIMO systems with large antenna arrays, feeding back the CSI to the transmitter causes huge feedback overhead, which seriously affects the communication efficiency. Therefore, it is of great importance to design hybrid precoding schemes and facilitate the limited feedback [12] . In this case, the CSI is assumed to be only known at the receiver. When the receiver obtains precoding matrices, it quantizes these matrices and feeds back to the transmitter. Since the dimensions of the digital matrices are relatively small and the quantization for the digital matrices has been well studied in prior papers, such as [21] - [23] , we mainly focus on the quantization for analog precoding matrices. For the quantization of analog precoding matrices, most prior hybrid precoding schemes were based on the uniform quantization (UQ) codebooks that only depend on the single parameter (the angle of arrive/departure (AOA/AOD)) quantization and uniformly divide the total angular domain into 2 b (b is the number of quantization bits for the entire angular domain) quantized angle parts [23] - [25] . However, existing works have not fully utilized the sparseness property of the millimeter wave in the angular domain to reduce the feedback overhead.
In this paper, we focus on the design of hybrid precoding for both full-connected and sub-connected structures to reduce the feedback overhead in millimeter wave single user MIMO (SU-MIMO) systems. The key idea is to construct novel nonuniform quantization (NUQ) codebooks that map the quantization bits non-uniformly for different coverage angles. According to the measurement results of NYU WIRELESS [26] - [28] , the AOAs/AODs of the paths in the millimeter wave channel could be grouped in several separated spatial lobes (SLs), which enables us to divide the total angular domain into effective spatial lobes' coverage angles and ineffective coverage angles. We employ high numbers of quantization bits to quantize both AoAs and AoDs for effective spatial lobes' coverage angles to obtain the high spectral efficiency and employ zero quantization bit for ineffective coverage angles to make the total feedback overhead lower. Note that the NUQ codebook is based on the angle information of spatial lobes, which can be considered as an adaptive codebook. The adaptive codebook has been well studied tn traditional MIMO systems, which changes its codeword distribution according to spatial correlations but requires additional signaling and feedback overhead [29] . However, the distribution of spatial lobe can be regarded as the long-term channel angular domain information, therefore, the NUQ codebook does not need to be re-constructed frequently and only cause negligible additional feedback overhead for synchronizing. The details are introduced in Section III. The main contributions of this paper are summarized as follows.
• By utilizing the sparseness property of the millimeter wave in the angular domain, we construct novel NUQ codebooks and propose a low-complexity NUQbased hybrid precoding scheme for the full-connected structure, named NUQ-HYP-Full. This scheme requires smaller feedback overhead than the UQ codebooks based schemes to maintain the near-optimal spectral efficiency. Moreover, we prove that narrowing the angle range that needs to be quantized is equivalent to increasing the quantization accuracy. When the quantization accuracy is not high enough, increasing the quantization accuracy means improving the spectral efficiency.
• We propose NUQ codebooks and a NUQ-based hybrid precodng scheme for the sub-connected structure, named NUQ-HYP-Sub. This scheme is the first one that utilizes non-uniformly quantized codebooks to design hybrid precoding matrices and greatly reduces the feedback overhead compared with the existing hybrid precoding schemes in the sub-connected structure.
• We observe that the required number of quantization bits in the sub-connected structure is smaller than that in the full-connected structure to obtain near-optimal spectral efficiencies (more than 99% of the spectral efficiencies achieved by the corresponding optimal unconstrained precoding schemes). Besides the spectral efficiency and power consumption, this observation provides a new insight when comparing full-connected and subconnected hybrid precoding implementations. Simulation results demonstrate that the proposed NUQ-HYP-Full scheme outperforms the UQ based OMP scheme and achieves similar spectral efficiency as the fully digital precoding scheme (whose spectral efficiency is the upper bound for the full-connected structure). Moreover, the proposed NUQ-HYP-Sub scheme achieves similar spectral efficiency as the SIC based hybrid precoding scheme and the optimal hybrid precoding scheme for the sub-connected structure.
The rest of the paper is organized as follows. In Section II, the system model, channel model and the problem formulation are described. The non-quantization codebooks and the corresponding NUQ codebook based hybrid precoding schemes for the full-connected and sub-connected structures are demonstrated in Section III and Section IV, respectively. Simulation results are presented in Section V. Finally, we conclude this paper in Section VI.
We use the following notations in this paper. a is a scalar, a is a vector, A is a matrix and A is a set. 
A. System Model
Consider two typical structures for single user millimeter wave MIMO systems, where Fig. 1(a) shows the transmitter of the full-connected structure and Fig. 1(b) shows the transmitter of the sub-connected structure. The receiver is symmetrical element of a matrix. The difference is that some values of F RF in the sub-connected architecture are 0, since the RF chains in the sub-connected architecture are only connected to a subset of antennas. In addition, the total power constrain is enforced by F RF F BB 2 F = N s . The narrowband block-fading channel model is adopted as shown in [12] and [24] and the signal vector observed by the receiver is
where H is the N r × N t millimeter wave channel matrix, ρ is the average received power, and n is the vector of independent and identically distributed (i.i.d.) CN (0, σ 2 n ) noise. Since we focus on the design of hybrid precoding with limited feedback, channel matrix H is assumed to be only perfectly known at the receiver.
After the combining processing at the receiver, the received signal vector is given as 
where
B. Spatial Lobe Channel Model
The high free-space path-loss of the millimeter wave signals leads to limited spatial scattering [12] , [30] . Therefore, the geometric Saleh-Valenzuela model is usually used to represent the millimeter wave channel [31] , which is given by
where N cl is the number of scattering clusters and each cluster contributes N ray propagation paths, α m,n denotes the complex gain of the n th path in the m th cluster, θ 
and
respectively, where λ is the wavelength of the signal and d = λ/2 denotes the aperture domain sample spacing. According to the measurement results of NYU WIRELESS for the 28 GHz millimeter wave channel in Manhattan that is a typical urban environment, the AOAs/AODs of the propagation paths could be grouped in several spatial lobes, which causes the sparseness property of the millimeter wave in the angular domain [26] - [28] . The polar plot of the millimeter wave channel measured in Manhattan at 28 GHz is shown in Fig. 2 , where each red 'dot' is a lobe segment measured at a particular pointing angle, and represents the total integrated received power over a 10
• angle. The lobe power is the sum of powers from each segment within the lobe. RMS means root-mean-square and LAS means lobe azimuth spread. It is observed that the angles of paths in the five dominated spatial lobes are sufficiently separated. Moreover, the measurement results also show that the paths in several clusters may arrive in the same spatial lobe, which means the AOAs/AODs of the paths in different clusters may not be sufficiently separated. Therefore, we reconstruct the channel from the spatial lobe's perspective to fully utilize the sparseness property of the millimeter wave in the angular domain. The equivalent spatial lobes millimeter wave channel could be expressed as
where P is the number of spatial lobes, Q is the number of subpaths in one spatial lobe (P Q = N cl N ray ), and α i,j is the path gains for the j th subpath in the i th spatial lobe, which obeys the Rayleigh distribution. In practice, P , Q and corresponding angles in (8) can be readily obtained by path grouping, i.e., dividing the paths whose angles are close to each other into one group. P , Q and θ i are the number of groups, the number of paths in each group and the mean angles of paths in each group, respectively. Moreover, based on [26] , [27] and a reasonable simplification, the mean angles of spatial lobes ( θ i , i = 1, 2, . . . , P ) are set as
. . , P to avoid overlap of spatial lobe angles, where θ CO is a constant that is randomly selected within [0, 2π), and the angles of the subpaths in each spatial lobe (θ i,j ) are randomly distributed with a finite angle spread (ω i ).
For convenience, the millimeter wave channel is rewritten in a more compact form as
where α =
T contains the complex gains of all paths, and the matrices
contain the array response vectors. Inspired by the diagonal part (i.e., diag(α)) in (9), we find that the total number of paths is the upper bound of the rank of the millimeter wave channel matrix, which means N s should satisfy N s ≤ P Q.
C. Problem Formulation
The target of designing the hybrid precoding matrices (F RF , F BB , W RF , W BB ) is to maximize the spectral efficiency. Therefore, the optimization problem could be expressed as
where F RF and W RF are the sets of the feasible analog precoders and combiners induced by the constant amplitude constraint, respectively. Please note that the quantization resolution of phase shifters considered in this paper can be large enough to adapt to the change of steering angles. Directly optimizing the problem (12) is very non-trivial due to the constant amplitude constraint on the analog precoding matrices. Based on the mathematical derivations in [12] , the design of the precoding matrices and combining matrices are firstly decoupled, which indicates that we could focus on the design of precoding matrices (F opt RF , F opt BB ). The combining matrices (W opt RF , W opt BB ) could be obtained in the similar way except that there is no extra power constraint [15] . Then, an equivalent sparse reconstruction problem is formulated, which is aimed to minimize the Euclidean distance between the product of the analog and digital precoding matrices and the optimal unconstrained precoding matrix. The sparse reconstruction problem for the transmitter is given by
where F opt is the optimal unconstrained reference precoding matrix. We assume equal power allocation for all data streams similar as [12] , therefore, F opt could be directly obtained from the singular value decomposition (SVD) of H. 
III. NON-UNIFORM QUANTIZATION CODEBOOK BASED HYBRID PRECODING FOR THE FULL-CONNECTED STRUCTURE
For the full-connected structure, each RF chain is connected to all antennas, as shown in Fig. 1(a) . In the design of the hybrid precoding scheme, similar to [15] , we decouple the design of the analog precoding matrices and digital precoding matrices. Since there is no constant amplitude constraint on digital precoding matrices, the digital precoding matrices could be obtained by simply SVD for the effective channel (which is defined in Section III.C). Therefore, we mainly focus on the design of analog precoding matrices by using quantization codebooks, which means that the quantization codebooks are the key points to design the hybrid precoding matrices. We will firstly introduce the classical uniform quantization beamsteering codebooks. Then, non-uniform quantization codebooks are proposed by exploiting the sparseness property of the millimeter wave in the angular domain. Finally, a low-complexity NUQ codebook based hybrid precoding scheme for the fullconnected structure is proposed.
A. Uniform Quantization Codebooks
Most of the prior works on the design of the hybrid precoding for limited feedback millimeter wave MIMO systems were based on the UQ beamsteering codebooks, since the UQ beamsteering codebooks, which are of relatively small size, only depend on the single parameter quantization and could provide good quantization performance [12] , [23] . Please note that the objects quantized by the UQ codebooks are steering angles not phases of phase shifters. The UQ beamsteering codebooks for both ends can be respectively written as
and 
, . . . , e j(Nt−1)πsin(
and a quant r
respectively. b is the total quantization bits for the entire angular 2π domain. Obviously, the larger the number of quantization bits b is, the higher the quantization accuracy of the UQ beamsteering codebooks is.
B. Non-Uniform Quantization Codebooks for the Full-Connected Structure
In this subsection, we present the non-uniform quantization codebooks for the full-connected structure. Since the angles of paths in different spatial lobes are sufficiently separated, we divide the total angular domain into effective spatial lobes' coverage angles and ineffective coverage angles. Therefore, we could employ high numbers of quantization bits to quantize effective spatial lobes' coverage angles to obtain good performance and employ zero quantization bit to quantize ineffective coverage angles to maintain the average number of quantization bits unchanged. That is we only map the quantization bits to effective spatial lobes' coverage angles. In the meantime, without loss of generality, we assume that the transmitter and receiver have the same spatial lobes distribution, i.e., the mean angles of spatial lobes ( θ i , i = 1, 2, . . . , P ) are evenly distributed within [0, 2π), and the angles of the subpaths in each spatial lobe are randomly distributed with a finite angle spread (ω i ) [26] , [27] . Fig. 3 shows the details of the non-uniform quantization, where θ i,q is the angle of the q th subpaths in the i th spatial lobe and b is the number of quantization bits for the entire angular domain. In Fig. 3(b) , b bits are non-uniformly mapped to different coverage angles.
We define the beam coverage of the i th spatial lobe as
where CV a(θ i,j ) is the beam coverage of the steering vector for the j th subpath in the i th spatial lobe. The quantized angles coverage for the i th spatial lobe is designed as
which should satisfy
where θ range i is the quantized angle range for the i th spatial lobe. (20) guarantees the codebooks are able to quantize the actual angles of all subpaths in each spatial lobe. Since the angle range of millimeter wave beam is usually small, in our simulation θ range i is set to be π/P which is large enough to quantize each spatial lobe. (21) is an obvious constraint. (22) comes from the sparseness property of the millimeter wave in the angular domain that the angles of paths in different spatial lobes are sufficiently separated.
Denoting by b the number of equivalent quantization bits for all the spatial lobes' quantized angle ranges, the quantized accuracy of the angle is defined as
and the vector of quantized angles for the i th spatial lobe could be obtained as
For the full-connected structure employed with N t × N r antennas, the antenna indexes for the transmitter and receiver have the form
respectively. Therefore, the non-uniform quantization codebooks for the i th spatial lobe can be written as
). The non-uniform quantization codebooks for the full-connected structure are summarized in Algorithm 1.
Remark 1: Though the construction of proposed NUQ codebook is based on the knowledge of mean angles of spatial lobes θ i , the NUQ codebook does not need to be re-constructed frequently even in the mmWave mobile network. The recent research results in [32] and [33] • , the channel coherence time T C is about 10 −4 s and the beam coherence time T B is near 0.8s. Compared with the 10 ms one complete radio frame (one frame consists of 140 OFDM symbols) duration, the beam coherence time is very long. Since the proposed NUQ codebook is only based on the angle information, it does not need to be updated within the angle coherence time. Moreover, please note that we only consider the angle change due to displacement of mobile devices in the mmWave mobile network. The effect of abrupt rotation on angles is temporarily omitted and it will be considered in our future work.
Note that, though updating the NUQ codebooks may cause some additional feedback overhead, the additional feedback overhead is negligible. On the one hand, according to Remark 1, the frequency that we need to update NUQ codebooks is very small. On the other hand, the number of parameters that need to be fed back is quite limited. The parameters need to be fed back are only θ i . When further utilizing the spatial lobes' distribution presented in Section V of [27] , we just need to feed back θ 1 (1 parameter). The other mean angles could be obtained by
. For a system with 144×36 antennas, the numbers of quantization bit required for UQ and NUQ codebooks are 8 and 7, respectively. Therefore, the sizes of the indexes searching space in the two codebooks are 256 and 128, respectively. Since 128 + 1 = 129 256 and 128/129 ≈ 1, the additional feedback overhead for updating codebook is negligible.
Proposition 1: Narrowing the angle range which needs to be quantized is equivalent to increasing the quantization accuracy when the total feedback overhead is fixed. In particular, the quantization accuracy could be increased by 1 bit when the total quantized angle range is narrowed by half.
Proof: For the millimeter wave channel with P spatial lobes, the total effective beam coverage is
According to (20) - (22), we have
When keeping the total number of columns of UQ codebooks and NUQ codebooks the same i.e., keeping the total feedback overhead the same, we have
therefore, we could obtain
According to (31), log 2
= π, which means the total quantized angle range is narrowed by half, we could easily obtain that
As we know, when b is not large enough, increasing the quantization accuracy means improving the spectral efficiency. Proposition 1 indicates that, when the total feedback overhead is fixed, the spectral efficiency could be indirectly improved by narrowing the total angle range P i=1 θ range i that needs to be quantized. On the other hand, when keeping the quantized angle accuracy of UQ codebooks and NUQ codebooks the same, i.e.,
We could obtain
which means, to obtain the similar near-optimal performance, NUQ codebooks requires smaller number of quantization bits (i.e., lower feedback overhead) compared with UQ codebooks.
C. NUQ-Based Hybrid Precoding for the Full-Connected Structure
We are committed to constructing a low-complexity hybrid precoding solution (i.e., NUQ-HYP-Full) which is based on the following two operations.
• The hybrid precoding matrix for each spatial lobe is designed one by one, since the AOAs/AODs of paths in different spatial lobes are sufficiently separated and thus the paths in different spatial lobes could be considered approximately orthogonal. Therefore, the search range is narrowed when designing the analog precoding matrices by searching the columns of codebooks • The right and left singular matrices of H converge in chordal distance to the antenna response matrices, when the number of paths is much smaller than number of the antennas [34] . We set the antenna response matrices A ti and A ri rather than the optimal unconstrained precoding matrices as the reference precoding matrices for the i th spatial lobe, since Q min (N t , N r ) . Therefore, the large dimensional SVD is avoided.
Once we obtain the NUQ codebooks or the NUQ candidate matrices, the analog precoding matrices could be obtained by searching all entries of the candidate matrices to find the vectors which are respectively closest to each entry of the reference precoding matrices in the l 2 norm sense.
The analog precoding matrix design problem for the i th spatial lobe at the transmitter could be formulated as
which could be equivalently solved by finding the Q vectors in A quant ti along which the reference precoding matrix has the largest Q projections. The combining matrix W RF i for the i th spatial lobe could be obtained similarly.
After designing the analog precoding matrices, digital precoding matrices could be obtained by simply SVD for the effective channel since there is no constant amplitude constraint on digital precoding mareices. The effective channel for each spatial lobe could be calculated as
Therefore, the digital precoding matrices for the i th spatial lobe could be computed as
The total digital precoding matrices for the transmitter and receiver are the block diagonal concatenation of F BB i and W BB i , respectively. Finally, we normalize the total digital precoding matrix to satisfy the power constraint at the transmitter. The proposed NUQ-HYP-Full scheme for the full-connected structure is summarized in Algorithm 2.
IV. NON-UNIFORM QUANTIZATION CODEBOOK BASED HYBRID PRECODING FOR THE SUB-CONNECTED STRUCTURE
Different from the full-connected structure, each RF chain in the sub-connected structure is only connected to a subset of antennas or a subarray, which dramatically reduces the number of phase shifters, as shown in Fig.1(b) [25] . Requiring a lower number of phase shifters means less energy consumption. The ratio of energy reduction is usually 
diag(ΨΨ * )(k) = 0 
greater than the reduction in spectral efficiency. Therefore, the sub-connected structure is more energy-efficient than the full-connected structure [14] , [15] . For simplicity but without loss of generality, we assume the transmitter and the receiver contain the same number of RF chains, i.e.,
Similar as the hybrid precoding design in the full-connected structure, we also decouple the design of the analog and digital precoding matrices. We focus on the design of the analog precoding matrices with pre-defined quantization codebooks in the sub-connected structure, since the digital precoding matrices could be directly obtained by simply SVD for the effective channel. To the best of the authors' knowledge, our work is the first one that utilizes nonuniformly quantized codebooks to design hybrid precoding matrices in the sub-connected structure with low feedback overhead.
A. Non-Uniform Quantization Codebooks for the Sub-Connected Structure
In the design of the NUQ codebooks for the sub-connected structure, the number of the total RF chains equals the number of the subarray, i.e., N RF = N sub , which means the number of the antennas in each subarray N sub t equals N t /N RF . At the transmitter, let the total antenna indexes be [0, 1, . . . , N t − 1] and Λ tk denote the partitioned subset of antenna indexes connected to the k th subarray, such as
The total antenna index matrix at the transmitter for the subconnected structure is
The total antenna index matrix at the receiver A r index for the sub-connected structure could be obtained similarly.
For the limited scattering millimeter wave channel, the number of total effective paths is usually very small [14] , [24] . Thus, we make an assumption that the total number of effective paths is no more than the total number of RF chains, i.e., P Q ≤ N RF . In the meantime, since each subarray is only connected to one RF chain, each subarray is arranged to precoding for one path separately. From (40) and (41), we could find the analog precoding matrices are in a block diagonal form, which could be depicted as
. . .
is the analog precoding matrix for the i th spatial lobe and the elements of F RF (N RF −P Q) are 0. Similar to (19) - (24), the quantized angles coverage, quantized angle accuracy and quantization angles for the i th spatial lobe are CV quant i , Δ θ and Θ quant i , respectively. Therefore, the non-uniform quantization codebooks for the sub-connected structure can be designed as
. . . 
A quant tiq (:, m) = be designed similarly. In Algorithm 3, we summarize the process of constructing the non-uniform quantization codebooks for the sub-connected structure.
B. NUQ-Based Hybrid Precoding for the Sub-Connected Structure
The designing of hybrid precoding matrices for the energyefficient sub-connected structure is an attractive topic for recent works in millimeter wave MIMO systems, e.g., the SICbased hybrid precoding scheme which decomposes the total optimization problem into several simple sub optimization problems and achieves the near-optimal performance. However, most of the prior works such as SIC-based hybrid precoding scheme did not consider the limited feedback problem which is also an important issue for the sub-connected structure. Moreover, to the best of our knowledge, there has been no beamsteering codebooks based hybrid precoding scheme for the sub-connected architecture in limited feedback millimeter wave MIMO systems. In this subsection, based on the proposed non-quantization codebooks described in Section IV.A, we propose a NUQ codebook based hybrid precoding scheme for the sub-connected structure, which is summarized in Algorithm 4.
In the analog precoding matrices designing stage, we quantize the array response vector corresponding to each path one by one to maintain the block diagonal form of the analog precoding matrix. For the q th subpath in the i th spatial lobe, the reference precoding vector is A ti (:, q) and the quantized candidate matrix is defined as
which is actually the
, where
). Therefore, the analog precoding design problem for the q th subpath in the i th spatial lobe can be formulated as
Similar to (37), (48) could be also directly solved by searching each entry of A can tiq to find the column vector which has the maximum projection along A ti (:, q). Thus, the total analog precoding matrices could be obtained by
The analog combining matrix W RF for the receiver could be obtained similarly. Then, for the digital precoding designing stage, the steps are similar as has been described for the full-connected structure. Therefore, we omit the digital precoding designing steps for the sub-connected structure, which are presented in detail in steps 15-19 of Algorithm 4.
V. SIMULATION RESULTS
In this section, the performances of the proposed NUQ-HYP-Full and NUQ-HYO-Sub schemes are evaluated. The uniform quantization based OMP scheme (marked as UQ-OMP) and SIC-based hybrid precoding scheme are adopted as the benchmarks for the full-connected and sub-connected structures, respectively. Note that the equal power allocation is considered for all schemes. We consider a single-user MIMO system, where ULAs with λ/2 antenna spacing are equipped at both the transmitter and the receiver. According to the measurements in downtown Manhattan environment which is a typical urban environment, the frequency of the millimeter wave is set to be 28 GHz and the bandwidth is set to be 100 MHz [26] - [28] . The spatial lobes millimeter wave channel (as shown in (8)) that has sparsity property in the angular domain is adopted. For P spatial lobes, the mean angles of spatial lobes are set to be θ i = θ CO + 2π P (i−1), i = 1, 2, . . . , P , where θ CO is a constant that is randomly selected within [0, 2π) and the angle spreads are set as ω = ω 1 = . . . = ω P = π P . The angles of Q subpaths in one spatial lobe are assumed to be randomly distributed and the corresponding power obeys the Rayleigh distribution. In order to maximize the reduction 
7: 
Normalize the digital precoding matrix at the transmitter, in the feedback overhead, the quantized angle range of each spatial lobe is set as θ range i
= ω, i = 1, 2, . . . , P , which means the total quantized angle range is narrowed by half. that needs to be quantized is narrowed by half, the quantization accuracy of the NUQ-HYP-Full scheme could be increased by 1 bit. We observe that, for different numbers of spatial lobes and subpaths, the proposed NUQ-HYP-Full scheme always outperforms the OMP precoding scheme and achieves more than 95% of the spectral efficiency achieved by the fully digital precoding scheme. In Fig. 6 , the impact of the quantization bit on the spectral efficiency is presented, where N t × N r = 144 × 36, N t RF = N r RF = 4, P = 2 and Q = 2. We observe that the spectral efficiencies of the NUQ-HYP-Full scheme are always higher than the UQ-OMP scheme with different numbers of quantization bits. Moreover, the smaller the number of quantization bits is, the larger the performance gap becomes. Specially, we also observe that the NUQ-HYP-Full scheme achieves similar spectral efficiencies as the UQ-OMP scheme, when the number of quantization bits is reduced by 1 (at least 12.5% feedback overhead reduction for the given number of antennas). This phenomenon is in consistent with Proposition 1 presented in Section III.B. Furthermore,we observe that the number of quantization bits b should satisfy 2 b ≥ max(N t , N r ) to obtain good spectral efficiency for the UQ-OMP scheme that is based on the vector-by-vector UQ-based codebooks. Fig. 7 shows the spectral efficiencies of different schemes with different numbers of RF chains, where N t ×N r = 144×36 and the SNR is set to be 0 dB. We evaluate the cases when the number of subpaths Q = 2 and the number of spatial lobes varies from 1 to 3. Since we only utilize P Q RF chains to transmit and receiver signals, we observe that the spectral efficiencies of the proposed NUQ-HYP-Full scheme remain unchanged but are always higher than the spectral efficiencies achieved by the uniform quantization based OMP scheme. = N s = P Q, P = Q = 2, SNR = 0 dB and the number of the quantization bit is set to be b = 8. We observe that the proposed NUQ-HYP-Full scheme always outperforms the UQ-OMP scheme and achieves more than 95% of the spectral efficiency achieved by the fully digital precoding scheme at even very large number of antennas. Moreover, we also observe that when the number of antennas becomes very large, the spectral efficiency of UQ-OMP scheme decreases, since the quantization bit b is relatively not large enough.
A. Full-Connected Hybrid Precoding Structure

B. Sub-Connected Hybrid Precoding Structure
For the sub-connected structure, the number of antennas are set as N t × N r = 144 × 36. In addition, N RF is set equal to N s , which is actually the worst case since N RF should satisfy N RF ≥ N s to ensure the system could simultaneously transmit N s data streams. Fig. 9 and Fig. 10 compare the spectral efficiencies of NUQ-HYP-Sub scheme, SIC-based hybrid precoding scheme, optimal unconstrained precoding scheme for the sub-connected structure (marked as Optimal-Sub), UQ-OMP scheme and Spectral efficiencies comparison with different quantization bits for the sub-connected structure, where Nt = 144, Nr = 36, N RF = Ns = P Q, P = 3, Q = 1. fully digital precoding scheme with different numbers of spatial lobes and subpaths, respectively. The optimal unconstrained precoding scheme for the sub-connected structure was detailedly described in [14] . We observe that the proposed NUQ-HYP-Sub scheme achieves similar spectral efficiencies as the SIC and Optimal-Sub schemes, and the performance gaps are less than 1%. In addition, Fig. 9 and Fig. 10 also show that, the proposed NUQ-HYP-Sub scheme achieves more than 87% of the spectral efficiencies achieved by the UQ-OMP scheme for all cases.
In Fig. 11 , the impact of the quantization bit on the spectral efficiency for the sub-connected structure is shown, where the number of the spatial lobes and subpaths are set as P = 3 and Q = 1, respectively. We could observe that as the number of quantization bits increases, the spectral efficiency gaps between the NUQ-HYP-Sub and Optimal-Sub schemes become smaller. Furthermore, we could also observe that, to obtain the near-optimal spectral efficiency, the required number of quantization bits for the proposed NUQ-HYPSub scheme is at least 6. However, the UQ-OMP scheme needs at least 8 quantization bits to maintain the near-optimal performance at the full-connected structure. This is because only N sub t = N t /N RF and N sub r = N r /N RF antennas are utilized to transmit and receive the directional beams at the sub-connected structure, respectively. Therefore, we only need to make 2 b approach max(N sub t , N sub r ) to obtain good performance. This is a new advantage for the sub-connected structure in reducing the feedback overhead.
VI. CONCLUSIONS
In this paper, we proposed the NUQ-HYP-Full scheme and the NUQ-HYO-Sub scheme for the full-connected and the sub-connected structures in millimeter wave MIMO systems, respectively. The key idea of the proposed schemes is that the quantization bits are non-uniformly mapped to different coverage angles, according to the sparseness property of the millimeter wave in the angular domain. Both of the proposed schemes achieve at least 12.5% feedback overhead reduction for a system with 144/36 transmitting/receiving antennas. Simulation results demonstrated that the proposed NUQ-HYPFull scheme for the full-connected structure exhibits similar spectral efficiency as the fully digital precoding scheme and outperforms the UQ-OMP scheme. Simulation results also showed that the proposed NUQ-HYP-Sub scheme for the sub-connected structure achieves similar spectral efficiency as the optimal unconstrained precoding scheme. Furthermore, we also observed that, the required number of quantization bits in the sub-connected structure to obtain near-optimal spectral efficiency was smaller than that in the full-connected structure, which provided a new insight to study low feedback overhead hybrid precoding schemes in millimeter wave MIMO systems. Our future work will focus on the wideband and time-varying millimeter wave channel scenarios, where the delay and doppler shift become key points to design hybrid precoding matrices.
